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Abstract
A recent result of one of the authors says that every connected
subcubic bipartite graph that is not isomorphic to the Heawood graph
has at least one, and in fact a positive proportion of its eigenvalues
in the interval [−1, 1]. We construct an infinite family of connected
cubic bipartite graphs which have no eigenvalues in the open inter-
val (−1, 1), thus showing that the interval [−1, 1] cannot be replaced
by any smaller symmetric subinterval even when allowing any finite
number of exceptions. Similar examples with vertices of larger degrees
are considered and it is also shown that their eigenvalue distribution
has somewhat unusual properties. By taking limits of these graphs,
we obtain examples of infinite vertex-transitive r-regular graphs for
every r ≥ 3, whose spectrum consists of points ±1 together with in-
tervals [r − 2, r] and [−r,−r + 2]. These examples shed some light
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onto a question communicated by Daniel Lenz and Matthias Keller
with motivation in relation to the Baum-Connes conjecture.
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1 Introduction
Let G be a graph of order n and let λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G) be the
eigenvalues of its adjacency matrix. In this paper we are interested in the
median eigenvalues λ⌊n+1
2
⌋(G) and λ⌈n+1
2
⌉(G).
The eigenvalues of graphs can be useful descriptors of certain combina-
torial properties of the graph. The most important one is related to the
spectral gap (the difference λ1(G) − λ2(G)), which certifies expansion prop-
erties of graphs, see, e.g. [1, 10, 6]. A more recent application comes from
mathematical chemistry [3, 4, 7] in relation to the HOMO-LUMO energies
of molecular graphs. In this setting, the median eigenvalues play the central
role. Motivated by questions in mathematical chemistry, one of the authors
proved the following curious result.
1.1 Theorem. (Mohar [8]) Let G be a bipartite subcubic graph. If every
connected component of G is isomorphic to the Heawood graph, then its
median eigenvalues are ±√2. In any other case, the median eigenvalues lie
in the interval [−1, 1].
In fact, this theorem can be strengthened.
1.2 Theorem. (Mohar [8]) There is a constant δ > 0 such that for every
bipartite subcubic graph G of order n, none of whose connected components
is isomorphic to the Heawood graph, at least ⌈δn⌉ of its eigenvalues belong
to the interval [−1, 1].
However, the paper [8] leaves an open question:
Is there a strengthening of Theorem 1.1 where the interval [−1, 1]
is replaced by a smaller symmetric interval around 0 if we allow
a finite number of exceptional graphs?
In this note we answer the question in the negative by proving:
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1.3 Theorem. There are infinitely many connected cubic bipartite graphs
that have no eigenvalues in the open interval (−1, 1).
By Theorem 1.2, large graphs in the family of Theorem 1.3 will have ±1
as eigenvalues of large multiplicity.
The construction of graphs used to prove Theorem 1.3 can be general-
ized to larger vertex degrees, providing examples with unusual eigenvalue
distributions.
1.4 Theorem. For every integer r ≥ 3, there are infinitely many connected
r-regular bipartite graphs with median eigenvalues ±1 but with no eigenval-
ues in the intervals (−1, 1) and ±(1, r − 2).
By taking limits of graphs from Theorem 1.4, we obtain examples of
infinite vertex-transitive r-regular graphs for every r ≥ 3, whose spectrum
consists of±1 together with intervals [r−2, r] and [−r,−r+2]. These provide
examples of infinite vertex-transitive graphs whose spectrum is not formed
by a single interval. Daniel Lenz and Matthias Keller (private communica-
tion) studied the spectrum of regular tessellations of the hyperbolic plane.
They conjectured that the spectrum consists of finitely many intervals with
absolutely continuous spectrum and some eigenvalues, as this is the case for
periodic operators on the plane. A partial answer for questions of this type
come from discrete cases of the Baum-Connes conjecture (see [13, 5]), which
gives examples whose spectrum consists of only one interval.
2 Graphs Wn,k and their eigenvalues
We consider a family of (k + 1)-regular graphs Wn,k (n ≥ 2, k ≥ 2) on
2nk vertices that are defined as follows. The graph Wn,k has vertices vi,j
(1 ≤ i ≤ n, 1 ≤ j ≤ k) and wi,j (1 ≤ i ≤ n, 1 ≤ j ≤ k). Its edge-set
consists of edges joining every vi,j and every wi,l (1 ≤ i ≤ n, 1 ≤ j ≤ k,
1 ≤ l ≤ k) together with a matching consisting of all edges joining wi,j with
vi+1,j (1 ≤ i ≤ n, 1 ≤ j ≤ k, where the index i+ 1 is taken modulo n). The
graph Wn,k is clearly (k + 1)-regular, bipartite and vertex-transitive. The
graph W4,2 is depicted in Figure 1.
2.1 Theorem. For every n ≥ 2 and k ≥ 2, the spectrum of the graph Wn,k
consists of eigenvalues ±1, each with multiplicity (k−1)n, and the remaining
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Figure 1: The graph W4,2 with bipartite classes shown as black and white
vertices.
eigenvalues are equal to ±τj (j = 0, . . . n−1) each with multiplicity 2, where
τj =
√
k2 + 1 + 2k cos
(
2πj
n
)
.
The stated multiplicity of ±1 may be higher if τj = 1 for some j, which
occurs when k = 2 and j = n
2
. Whenever j + ℓ = n, we have that τj = τℓ, so
that the eigenvalues equal to τj occur with multiplicity 4.
The graphs Wn,k have their median eigenvalues equal to ±1. To see this,
let z = τj . Then
z2 = k2 + 1 + 2k cos
(
2πj
n
)
.
Since −1 ≤ cos (2πj
n
) ≤ 1 we have that
k2 + 1− 2k ≤ z2 ≤ k2 + 1 + 2k,
which gives that
k − 1 ≤ z ≤ k + 1.
This shows that all eigenvalues of Wn,k which are different from ±1 lie in the
intervals [k−1, k+1] and [−k−1,−k+1], so they are strangely concentrated
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when k is large. This, in particular, proves Theorem 1.3 (by taking k = 2)
and Theorem 1.4 (by taking r = k + 1). The rest of this section is devoted
to the proof of Theorem 2.1.
Proof of Theorem 2.1: Let A = A(Wn,k) be the adjacency matrix of Wn,k.
We will find the eigenvalues of A by considering those of A2. Since Wn,k is
bipartite, its eigenvalues are symmetric about the origin. Then, all eigenval-
ues of A2 are non-negative and every eigenvalue µ of A2 corresponds to two
eigenvalues
√
µ and −√µ of A, whose multiplicities are the same as that of
µ.
Since Wn,k is (k + 1)-regular, the diagonal entries of A
2 are all equal to
k + 1. We may then consider the loopless multigraph M with adjacency
matrix A′ = A2− (k+1)I2nk, where Ij denotes the j× j identity matrix. We
will use the fact that the u, v-entry of A2 is equal to the number of walks of
length two between vertices u and v inWn,k. SinceWn,k is bipartite, there are
no walks of length two between vertices in different parts of the bipartition.
Then M consists of two connected components with vertex sets V and W
where
V = {vi,j | 1 ≤ i ≤ n, 1 ≤ j ≤ k}
and
W = {wi,j | 1 ≤ i ≤ n, 1 ≤ j ≤ k}.
In M , for each vi,j, there is one edge starting at vi,j and terminating at each
of vi+1,j′ and vi−1,j′ for 1 ≤ j′ ≤ k, where the indices are understood to be
modulo n. There are k edges with endpoints vi,j and vi,j′ for 1 ≤ j′ ≤ k
and j 6= j. In particular, each vertex has degree 2k + (k − 1)k = k2 + k in
M . The subgraphs of M induced by V and W are isomorphic and M is a
(k2+k)-regular multigraph with two connected components. The multigraph
M corresponding to W4,2 is depicted in Figure 2.
Since M has two components, we may write
A′ =
(
AV 0
0 AW
)
where AV is the adjacency matrix of the subgraph of M induced by V and
AW is the adjacency matrix of the subgraph of M induced by W . Note that
AV and AW are cospectral, so we will now focus on finding the eigenvalues
of AV . We may further write AV as
AV = B1 + kB2
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Figure 2: The graph M corresponding to W4,2.
where B1 has the adjacencies between each vi,j and vi−1,j′ and vi+1,j′ and B2
records the adjacencies between each vi,j and vi,j′.
Let
α =
√
k
2
+ 1
2
√
k2 − 4 and β = 1
α
.
Next, we let Q be the n× nk matrix given by
Q =


α α . . . α 0 0 . . . 0 0 0 . . . 0 . . . β β . . . β
β β . . . β α α . . . α 0 0 . . . 0 . . . 0 0 . . . 0
0 0 . . . 0 β β . . . β α α . . . α . . . 0 0 . . . 0
0 0 . . . 0 0 0 . . . 0 β β . . . β . . . 0 0 . . . 0
...
...
...
...
...
...
...
...
...
. . .
...
...
...
0 0 . . . 0 0 0 . . . 0 0 0 . . . 0 . . . α α . . . α


It is easy to see that
QQT = k(α2 + β2)In + kαβA(Cn),
where Cn is the n-cycle. On the other hand,
QTQ = (α2 + β2)Ink + αβB1 + (α
2 + β2)B2.
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Observe that α and β have been carefully chosen such that αβ = 1 and
α2 + β2 =
k +
√
k2 − 4
2
+
2
k +
√
k2 − 4
=
(k +
√
k2 − 4)2 + 4
2(k +
√
k2 − 4)
= k.
Thus, we have that
QQT = k2In + kA(Cn)
and
QTQ = kInk +B1 + kB2 = kInk + AV .
We will use σ(N) to denote the multiset of eigenvalues of matrix N , and in
the lists of the eigenvalues, the multiplicities will in the superscripts if greater
than one. We have that
σ(QQT ) = {k2 + 2k cos(2πj
n
) | j = 0, . . . , n− 1}
and
σ(QTQ) = σ(QQT ) ∪ {0(nk−n)}.
Therefore,
σ(AV ) = {k2 + 2k cos(2πjn )− k | j = 0, . . . , n− 1} ∪ {−k(nk−n)}
and thus
σ(A′) = {(k2 + 2k cos(2πj
n
)− k)(2) | j = 0, . . . , n− 1} ∪ {−k(2nk−2n)}.
From this, we obtain that
σ(A2) = {(k2 + 2k cos(2πj
n
) + 1)(2) | j = 0, . . . , n− 1} ∪ {1(2nk−2n)}.
Finally,
σ(A) =
{
±
√
k2 + 1 + 2k cos(2πj
n
) | j = 0, . . . , n−1
}
∪{1(nk−n)}∪{−1(nk−n)}
as claimed.
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3 Extension to infinite graphs
Concerning the spectrum of infinite graphs, we refer to [11] or [14]. For every
fixed k, the limit of the graphs Wn,k, when n tends to infinity, gives rise to
an infinite vertex-transitive graph Zk, whose vertices are vˆi,j and wˆi,j, where
i ∈ Z and j ∈ {i, . . . , k}. The edge set of Zk consists of edges joining every
vˆi,j and every wˆi,l (i ∈ Z, 1 ≤ j ≤ k, 1 ≤ l ≤ k) together with a matching
consisting of all edges joining wˆi,j with vˆi+1,j (i ∈ Z, 1 ≤ j ≤ k). If we
remove k vertices wn,1, . . . , wn,k from Wn,k, we obtain a graph Pn,k which is
isomorphic to the ball of radius n − 1 around a vertex in Zk. Here we take
the ball of radius r around v as the subgraph induced by all vertices whose
distance from v is at most r. Since Pn,k is an induced subgraph of Wn,k, the
eigenvalues of Pn,k interlace those of Wn,k (see [2] for eigenvalue interlacing
of graphs) in that
λi(Wn,k) ≥ λi(Pn,k) ≥ λi−k(Wn,k).
This implies thatWn,k and Pn,k have almost the same eigenvalue distribution.
In particular, the eigenvalues of Pn,k will be either equal to ±1 or lie in the
intervals [k − 1, k + 1] and [−k − 1,−k + 1], with at most 3k exceptions. Of
the 3k possible exceptions, at most k lie in [1, k − 1], another k could lie in
[−1, 1] and the remaining k in [−k + 1,−1].
When n tends to infinity, the eigenvalue distribution of Pn,k converges to
the spectral distribution of Zk [9, 11]. Since Zk is vertex-transitive, its whole
spectrum is in the essential spectrum, which consists of the set of eigenvalues
of infinity multiplicity and the continuous spectrum. Therefore,
σ(Zk) = {−1, 1} ∪ [k − 1, k + 1] ∪ [−k − 1,−k + 1].
The spectrum thus consists of two intervals and two additional points. The
spectral measure of each interval is 1
2k
, while the two points ±1 each have
spectral measure 1
2
− 1
2k
. This example partially answers a question of Daniel
Lenz and Matthias Keller (private communication), who asked what kind
of locally finite vertex-transitive graphs have spectrum which does not con-
sist of a single interval. The motivation to study questions of this kind
comes from the study of the spectrum of regular tessellations of hyperbolic
spaces. In fact, Schenker and Aizenman [12] found examples of infinite graphs
whose spectrum consists of multiple bands. Their examples are not vertex-
transitive.
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